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GELFAND’S TRICK FOR THE SPHERICAL DERIVED HECKE
ALGEBRA
LENNART GEHRMANN
Abstract. Gelfand’s trick shows that the spherical Hecke algebra of a p-adic
split reductive group is commutative. We adapt this strategy in order to show
that the spherical derived Hecke algebra is graded-commutative under mild
assumptions on the coefficient ring.
Introduction. In the study of derived structures appearing in the Langlands cor-
respondence (see [Ven17] for an overview of some of the themes) the derived Hecke
algebra plays a pivotal role. Let G be a semi-simple split group over a p-adic field
F with residue field Fq and R a finite commutative ring, in which p is invertible. In
Section 3 of [Ven19] Venkatesh proves a derived version of the Satake isomorphism
for the spherical derived Hecke algebra H(G)sphR of G with coefficients in R under
two assumptions on the coefficient ring R:
• the order of the Weyl group of G is invertible in R and
• q ≡ 1 in R.
As a corollary, one deduces that the spherical derived Hecke algebra is graded-
commutative under these assumptions.
In this note we adapt Gelfand’s trick to the derived setting to prove that the
derived Hecke algebra is graded-commutative under less restrictive assumptions:
we only assume that the number of Fq-points of the full flag variety associated to
G is invertible in R.
In addition, by explicitly computing the spherical derived Hecke algebra in the
remaining cases we show that H(SL2(F ))
sph
Z/nZ is graded-commutative for all n with
(n, 2p) = 1.
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Notations. Throughout this paper all rings are unital but not necessarily com-
mutative. Given a group H and an element g ∈ H we write Ad(g) : H → H for
conjugation by g, i.e Ad(g)(h) = ghg−1. If H is a profinite group and R is a com-
mutative ring, we write H∗(H,R) for the continuous cohomology of H with values
in R, which we view as a discrete H-module. If H ′ ⊆ H is a closed subgroup, we
denote the restriction map on cohomology by
ResHH′ : H
∗(H,R) −→ H∗(H ′, R)
If H ′ ⊆ H is an open subgroup, we denote the corestriction map by
CoresHH′ : H
∗(H ′, R) −→ H∗(H,R).
1
2 L. GEHRMANN
1. Split reductive groups
We fix a finite extension F of Qp with ring of integers OF , uniformizer ̟ and
residue field Fq. Further, we fix a connected, split reductive group G over F . Then
G is the general fibre of a group scheme (that we also denote by G) over OF , whose
special fibre is reductive. Let T ⊆ B ⊆ G be a maximal split torus and a Borel
subgroup, both defined over OF . We put G = G(F ), T = T (F ) and K = G(OF ).
We denote the set of characters respectively cocharacters of T by X• respectively
X•. Let Φ
+ ⊆ X• be the set of positive roots associated to B and set
P+ =
{
λ ∈ X• | 〈λ, α〉 ≥ 0 for all α ∈ Φ
+
}
.
Proposition 1 (Cartan decompositon). We have:
G = KTK.
More precisely, the group G is the disjoint union of the double cosets Kλ(̟)K
where λ runs through the co-characters in P+.
Furthermore, there exists an involution σ of G such that σ(K) = K and σ(t) =
t−1 for all t ∈ T.
Proof. For the first claim see page 51 of [Tit79]. For the second claim see Chapter
8, §2 of [Bou68]. 
Example 2. In case G = GLn with T the torus of diagonal matrices we may take
σ(g) = (gt)−1.
The involution σ : G→ G, g 7→ gσ descends to a map σ : G/K → G/K. We let
G act diagonally on G/K ×G/K, i.e. g.(x, y) = (gx, gy). The bijection
G/K ×G/K −→ G/K ×G/K, (x, y) 7−→ (yσ, xσ)
sends G-orbits to G-orbits.
Corollary 3. For all (x, y) ∈ G/K ×G/K we have
G.(x, y) = G.(yσ, xσ).
Proof. By the Cartan decomposition there exist t ∈ T and g ∈ G such that (x, y) =
g.(t, 1). Therefore, we have
(yσ, xσ) = gσ.(1, tσ)
= gσ.(1, t−1)
= (gσt−1g−1).(x, y).

2. Graded-commutative rings
A graded ring A = ⊕n≥0An is called graded-commutative if
a ∗ b = (−1)ij · b ∗ a ∀a ∈ Ai, b ∈ Aj .
A basic example of a graded-commutative ring is the cohomology ring of a group:
let H be a profinite group and R a commutative ring. Cup product induces a
graded ring structure on the cohomology H∗(H,R).
Proposition 4. The graded ring H∗(H,R) is graded-commutative.
Proof. For the case of a discrete group see for example Section 6.7.1 of [Wei94].
The statement for profinite groups then follows from
H∗(H,R) = lim
−→
n
H∗(H/Hn, R),
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where Hn ⊆ H is a decreasing family of open normal subgroups, and the fact that
cup product commutes with inflation. 
3. Derived Hecke algebra
We fix a commutative ring R in which p is invertible. An R[G]-module M is
called smooth if the stabilizer of each m ∈ M is open in G. The category CsmR (G)
of smooth R[G]-modules is an abelian category and has enough projectives (see
Appendix A.2 of [Ven19]).
Definition 5. The spherical derived Hecke algebra of G with coefficients in R is
the graded algebra
H(G)sphR = H(G,K)R = Ext
∗
Csm
R
(G)(R[G/K], R[G/K]).
We will use the following explicit description of H(G)sphR (see Section 2.3 and
Appendix A.8 of [Ven19]): given (x, y) ∈ G/K×G/K we denote byGxy its stabilizer
in G. An element h ∈ H(G)sphR is a collection of elements h(x, y) ∈ H
∗(Gxy, R) for
all (x, y) ∈ G/K ×G/K such that
• h is G-invariant, i.e. [g]∗h(gx, gy) = h(x, y) where [g]∗ : H∗(Ggxgy , R) →
H∗(Gxy, R) is the pullback by Ad(g).
• h has finite support modulo G, i.e. h(x, y) = 0 outside a finite set of G-orbits
in G/K ×G/K.
The addition of two elements h1 and h2 is pointwise. The degree n-part of H(G)
sph
R
consists of all elements which take values in Hn(·, R). Let x and z be elements of
G/K. The quantity
CoresGxzGxyz (Res
Gxy
Gxyz
(h1(x, y)) ∪ Res
Gyz
Gxyz
(h2(y, z)))
only depends on the Gxz-orbit of y ∈ G/K. (Here Gxyz denotes the intersection of
the stabilizers of x, y and z in G.) We have the following formula for the product
in H(G)sphR :
(h1 ∗ h2)(x, z) =
∑
y∈Gxz\G/K
CoresGxzGxyz(Res
Gxy
Gxyz
h1(x, y) ∪ Res
Gyz
Gxyz
h2(y, z)).(3.1)
4. Gelfand’s trick
As before, R denotes a commutative ring in which p is invertible. Let x and y
be elements of G/K. By Corollary 3 there exists an element gxy ∈ G such that
gxy(x, y) = (y
σ, xσ). It is easy to see that gxyGxyg
−1
xy = Gxσyσ and σ(Gxy) = Gxσyσ .
Thus we get a homomorphism
[gxy]
∗σ∗ : H∗(Gxy, R) −→ H
∗(Gxy, R),
which is independent of the choice of gxy. A short calculation shows that given an
element h ∈ H(G)sphR of the derived Hecke algebra the collection of elements h
σ
defined via
hσ(x, y) = [gxz]
∗σ∗h(x, y)
is also an element of the derived Hecke algebra. Furthermore, the assignment
h 7→ hσ is an involution on H(G)sphR (viewed as an R-module).
Lemma 6. Let h1 and h2 elements of H(G)
sph
R of degree i respectively j. The
following equality holds:
(h1 ∗ h2)
σ = (−1)ij · hσ1 ∗ h
σ
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Proof. Let x, z ∈ G/K be arbitrary elements. We have:
(h1 ∗ h2)(x, z)
=[gxz]
∗(h1 ∗ h2)(z
σ, xσ)
=[gxz]
∗
∑
y∈Gzσxσ\G/K
CoresGzσxσGzσyxσ (Res
Gzσy
Gzσyxσ
h1(z
σ, y) ∪ Res
Gyxσ
Gzσyxσ
h2(y, x
σ))
=(−1ij) · [gxz]
∗
∑
y∈Gzσxσ\G/K
CoresGzσxσGzσyxσ (Res
Gyxσ
Gzσyxσ
h2(y, x
σ) ∪Res
Gzσy
Gzσyxσ
h1(z
σ, y)).
The last equality follows from Proposition 4. Since σ(Gxz) = Gxσ ,zσ we deduce
that σ sends Gxz-orbits to Gxσ,zσ -orbits in G/K. Therefore the following equality
holds: ∑
y∈Gzσxσ\G/K
CoresGzσxσGzσyxσ (Res
Gyxσ
Gzσyxσ
h2(y, x
σ) ∪ Res
Gzσy
Gzσyxσ
h1(z
σ, y))
=
∑
y∈Gxz\G/K
CoresGzσxσGzσyσxσ (Res
Gyσxσ
Gzσyσxσ
h2(y
σ, xσ) ∪ Res
Gzσyσ
Gzσyσxσ
h1(z
σ, yσ))
=σ∗
∑
y∈Gxz\G/K
CoresGzxGzyx σ
∗(Res
Gyσxσ
Gzσyσxσ
h2(y
σ, xσ) ∪ Res
Gzσyσ
Gzσyσxσ
h1(z
σ, yσ))
=σ∗
∑
y∈Gxz\G/K
CoresGzxGzyx(Res
Gyx
Gzyx
σ∗[gxσyσ ]
∗h2(x, y) ∪ Res
Gzy
Gzyx
σ∗[gyσzσ ]
∗h1(y, z))
The claim follows from σ∗[gxy]
∗ = [gxσyσ ]
∗σ∗. 
If h ∈ H(G)sphR has degree 0, then h
σ = h. We thus see that the degree 0-part of
the spherical derived Hecke algebra, which is just the usual spherical Hecke algebra,
is commutative. This is the classical trick by Gelfand.
Theorem 7. Assume that R is finite and that |G(Fp)/B(Fp)| is invertible in R.
Then the spherical derived Hecke algebra H(G)sphR is graded-commutative.
Proof. The theorem follows from Lemma 6 and the following claim: The map
[gxy]
∗σ∗ : Hn(Gxy, R) −→ H
n(Gxy, R)
is equal to multiplication by (−1)n.
By the Cartan decomposition we may assume x = t ∈ T and y = 1. In that case
we can chose gxy = t
−1. Put A = Gt1 ∩ T. The diagram
Hn(Gt1, R) H
n(Gt1, R)
Hn(A,R) Hn(A,R)
ResGt1A
[t−1]∗σ∗
σ∗
ResGt1A
is commutative. By definition σ acts via inversion on A.
Thus, it is enough to show that the restriction map ResGt1A is injective and that
inversion induces multiplication by (−1)n on Hn(A,R). Since p is invertible in R
we may check injectivity of ResGt1A after passing to the images of A and Gt1 in
G(Fp). The two claims are proven in the subsequent lemmas. (Note that, if p 6= 2,
the Bruhat decomposition implies that 2 divides |G(Fq)/B(Fq)|.) 
Lemma 8. Assume that |G(Fq)/B(Fq)| is invertible in R. Let G be a subgroup of
G(Fq) that contains B(Fq). Then the restriction map
ResGT (Fq) : H
∗(G, R) −→ H∗(T (Fq), R)
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is injective.
Proof. This is a slight variation of [Ven19], Lemma 3.7. We have the chain of maps
H∗(G, R)
Res
−−→ H∗(B(Fq), R)
Res
−−→ H∗(T (Fq), R).
The composition CoresGB(Fq) ◦Res
G
B(Fq)
is equal to multiplication with |G/B(Fq)|.
This is a divisor of |G(Fp)/B(Fq)| which is invertible in R by assumption. Hence,
the first map is injective. Similarly, the second map is injective since p is invertible
in R. 
Lemma 9. Let A and M be finite abelian groups and assume that 2 ∤ |M |. Then
inversion on A induces multiplication with (−1)n on Hn(A,M).
Proof. We may assume that M = Z/lrZ for some prime l 6= 2 and that l divides
the order of A (otherwise the claim would be trivial). Since inversion is an invo-
lution, we may decompose the cohomology groups in ±1-eigenspaces for its action.
Considering the eigenspace decomposition in the exact sequence
Hn(A,Z/lr−1Z) −→ Hn(A,Z/lrZ) −→ Hn(A,Z/lZ)
we can inductively reduce to the case R = Z/lZ.
We may decompose A = A1× . . .×As as a product of cyclic groups. Since Z/lZ
is a field we have a decomposition
Hn(A,Z/lZ) =
⊕
(n1...,ns)
n1+...+ns=n
Hn1(A1,Z/lZ)⊗ · · · ⊗H
ns(As,Z/lZ)
by the Ku¨nneth formula (see Section 6.1 of [Wei94]) and, therefore, we may assume
that A =< τ > is cyclic.
Let N = 1 + τ + . . .+ τord(τ)−1 be the Norm element in Z[A]. The cohomology
groups can be computed by the periodic exact sequence
Maps(A,Z/lZ)
τ−1
−−−→ Maps(A,Z/lZ)
N
−→ Maps(A,Z/lZ)
τ−1
−−−→ .
(see for example Section 6.2 of [Wei94]). Thus, we see that H2n+1(A,Z/l) =
H1(A,Z/lZ) = Hom(A,Z/lZ) and H2n(A,Z/lZ) is isomorphic to the space of con-
stant functions on A, which proves the claim. 
Remark 10. Suppose that q ≡ 1 holds in R and that the order of the Weyl group
of G is invertible in R. Then the Bruhat decomposition shows that G(Fq)/B(Fq)
is invertible in R. Therefore, the conditions Venkatesh impose in the proof of the
derived Satake isomorphism (see [Ven19], Theorem 3.3) are strictly stronger than
those we impose.
If l is a prime such that q ≡ 1 mod l and l does not divide the order of the Weyl
group, we see that H(G)sph
Z/lrZ is graded-commutative independent of the exponent r.
5. The case SL2
As before, R denotes a commutative ring in which p is invertible.
Proposition 11. Suppose that G is semi-simple and that the order of every proper
parabolic subgroup P ( G(Fq) is invertible in R. Then the spherical derived Hecke
algebra H(G)sphR is graded-commutative.
Proof. Let x, y ∈ G/K with x 6= y. We claim that Hi(Gxy, R) = 0 for all i ≥ 1.
As before we may take x = t ∈ T and y = 1 and replace Gt1 by its image in
G(Fp). This is a proper parabolic subgroup of G(Fp) and, hence, the claim follows
by assumption.
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In other words, an element h ∈ H(G)sphR of degree greater than or equal to one is
uniquely characterized by its value h(1, 1). Let h1 and h2 be elements of H(G)
sph
R of
degree i respectively j. Since the classical spherical Hecke algebra is commutative
we may assume that i or j is greater than or equal to one. In that case we see that
most summands in (3.1) vanish by the above claim and, therefore, we deduce the
following equality using Proposition 4:
(h1 ∗ h2)(1, 1) = h1(1, 1) ∪ h2(1, 1)
= (−1)ij · h2(1, 1) ∪ h1(1, 1)
= (−1)ij · (h2 ∗ h1)(1, 1).

In the case G = SL2 or G = PGL2 any proper parabolic subgroup is a Borel.
We have |G(Fq)/B(Fq)| = |P
1(Fq)| = q + 1 and |B(Fq)| = q(q − 1). Combining the
proposition above with Theorem 7 we get the following corollary.
Corollary 12. Let n be an integer with (n, 2p) = 1. Then the spherical derived
Hecke algebras H(SL2(F ))
sph
Z/nZ and H(PGL2(F ))
sph
Z/nZ are graded-commutative.
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